A generalized model of elastic foundation based on long-range interactions: Integral and fractional model  by Di Paola, M. et al.
International Journal of Solids and Structures 46 (2009) 3124–3137Contents lists available at ScienceDirect
International Journal of Solids and Structures
journal homepage: www.elsevier .com/locate / i jsolst rA generalized model of elastic foundation based on long-range interactions: Integral
and fractional model
M. Di Paola a, F. Marino b, M. Zingales a,*
aDipartimento di Ingegneria Strutturale e Geotecnica (DISAG), Università di Palermo, Viale delle Scienze, I-9018 Palermo, Italy
bDipartimento di Meccanica e Materiali, Università ‘‘Mediterranea” di Reggio Calabria, Via Graziella, località Feo di Vito, 89124 Reggio Calabria, Italya r t i c l e i n f o
Article history:
Received 29 September 2008
Received in revised form 22 February 2009
Available online 5 April 2009
Keywords:
Long-range forces
Fractional calculus
Gradient models
Non-local elasticity
Elastic foundations
Mejier-G functions0020-7683/$ - see front matter  2009 Elsevier Ltd. A
doi:10.1016/j.ijsolstr.2009.03.024
* Corresponding author. Tel.: +39 0916568458; fax
E-mail addresses: dipaola@diseg.unipa.it (M. Di
gmail.com (F. Marino), zingales@diseg.unipa.it (M. Zina b s t r a c t
The common models of elastic foundations are provided by supposing that they are composed by elastic
columns with some interactions between them, such as contact forces that yield a differential equation
involving gradients of the displacement ﬁeld. In this paper, a new model of elastic foundation is proposed
introducing into the constitutive equation of the foundation body forces depending on the relative ver-
tical displacements and on a distance-decaying function ruling the amount of interactions. Different
choices of the distance-decaying function correspond to different kind of interactions and foundation
behavior. The use of an exponential distance-decaying function yields an integro-differential model while
a fractional power-law decay of the distance-decaying function yields a fractional model of elastic foun-
dation ruled by a fractional differential equation. It is shown that in the case of exponential-decaying
function the integral equation represents a model in which all the gradients of the displacement function
appear, while the fractional model is an intermediate model between integral and gradient approaches. A
fully equivalent discrete point-spring model of long-range interactions that may be used for the numer-
ical solution of both integral and fractional differential equation is also introduced. Some Green’s func-
tions of the proposed model have been included in the paper and several numerical results have been
also reported to highlight the effects of long-range forces and the governing parameters of the linear elas-
tic foundation proposed.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
In recent years, the frequent use of solid bladder for rocket
motors in conjunction with the development of lighter and high-
demanding aerospace vehicles and the constructions of higher
and slender civil towers intensiﬁed the need for the solution of
beams and plates in contact with elastic foundations.
Although the foundation is very often a rather complex medium
such as rubber-like fuel binder, the ﬂuid boundary layer or a gran-
ular solid, we concentrate, in this paper, towards the response of
the foundation at the contact area and not to the stress and the dis-
placement ﬁeld inside the foundation material. In this setting, we
may conﬁne the problem to the formulation of mathematical
expressions capable to predict the response foundation with some
accuracy.
The ﬁrst attempt in this direction has been provided at the
end of the 19th century (Winkler, 1867). In this model, the founda-
tion has been described by a sequence of closely spaced and inde-
pendent elastic columns under normal vertical stress (equivalentll rights reserved.
: +39 0916568407.
Paola), ingfrancescomarino@
gales).to a perfect ﬂuid basement). A similar model has been also used
in aerospace analysis to represent the effect of air pressure of
supersonic gas stream ﬂow (Ashley and Zartarian, 1956). The main
criticism to the Winkler foundation model is due to the mutual
independence of foundation columns, producing some unrealistic
effects as uniform displacements under uniform loads that have
not been observed in experimental evidences. As an alternative,
the foundation was considered as semi-inﬁnite and isotropic elas-
tic continuum (see e.g. paper by Gorbunov-Pasadov, 1949) increas-
ing the mathematical complexity of the model. However, despite
its completeness, it has been shown that for solid-like materials
the displacement ﬁeld away from the loaded region decay faster
than their counterpart predicted with the use of elastic half-space
model. It may be also questionable the idea to represent foam rub-
ber-like material with high number of voids with the continuum
mechanics theory of isotropic solids.
These observations led several authors to abandon the theory of
isotropic elastic continuum in modeling foundations yet at the
beginning of the forties and studies introducing in Winkler model
some kind of interactions between foundation columns may be
often found (see e.g. Kerr, 1964 for details). Initially a generalization
of theWinklermodel has been proposed introducing a shear layer at
the top of the Winkler bed of linear springs (Filonenko-Borodich,
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foundation columns (Pasternak, 1954). Several other kind of exten-
sions of the Winkler model may be found in specialized scientiﬁc
literature to overcome unrealistic edge effects observed with the
use of simpliﬁed models (see i.e. Reissner, 1958; Vlassov and Leon-
tev, 1960; Kerr, 1964; Kerr and Cofﬁn, 1991). Some other studies
have been devoted to the time evolution of the foundation response
(Omurtag and Kadiog˘lu, 1998) often focusing on the structural
response (Kneifati, 1986; Sironic et al., 1999) or to stability studies
of columns on foundations of various kind (Lin and Adams, 1987).
Mechanical generalizations of the Winkler model show some
main common features: (i) the dependence of the model on a small
number of parameters, (ii) the same degree of interaction between
the columns of the Winkler foundations, independently of the
relative position with the loaded zone, and (iii) the constitutive
equation of the foundation relates the surface pressure to the ver-
tical displacement of the foundation and to its gradients resulting
in a differential equation. In virtue of these aspects, the foundation
models involving the vertical displacements and its derivative in
the constitutive equations will be referred to as gradient models
of elastic foundation.
In this study, a different generalization of theWinkler model has
been introduced representing the interactions between foundation
elements as distance-decaying body forces that each columnapplies
on adjacent and non-adjacent surrounding foundation elements.
Those latter interactions are modeled as dependent on the relative
displacements of the surface, on the products of the considered vol-
ume elements and on a decaying functiondependingupon the inter-
distance between such volumes. This approach, already successfully
applied in non-local solidmechanics context (Di Paola and Zingales,
2008; Di Paola et al., 2009a) leads to a mathematical description of
the vertical displacement of the foundation ruled by an integral,
rather than differential, equation. The proposed foundation model
contains different kinds of parameters related, respectively, to the
Winkler elastic constant, to the shear modulus of the contact forces
and a parameter related to the coupling between non-adjacent
foundation columns. This latter parameter allows a large variety of
mechanical behavior of the elastic foundation and may be used to
better ﬁt experimental data.
Long-range interactions are ruled by the distance-decaying
function that may be selected within different classes such as
exponential or Gaussian-type accounting for the fact that every
physical phenomenon decay with the interdistance. It is shown
that this choice leads to an integro-differential model of elastic
foundation that reveals some interesting features. Moreover, it
has been shown that introducing some restrictive assumptions
for the displacement ﬁeld the proposed elastic foundation model
reverts to a gradient model of inﬁnite order. A different scenario,
even more interesting, has been detected assuming that the dis-
tance-decaying function belongs to the class of monotonically
decreasing functions with fractional power-low. In this context
the proposed approach yields fractional differential equations of
Marchaud-type and the use of hypersingular kernels on inﬁnite
domains facilitate the use of the powerful tools of fractional differ-
ential calculus (Samko et al., 1993; Miller and Ross, 1993). Such a
calculus has been already introduced in studies on fractal microm-
echanics (Carpinteri et al., 2001, and references listed therein).
Since fractional differentiation operators constitute a variety
between differential and integral operators, a large class of interac-
tions between foundation columns may be adequately accounted
for. This choice for the decaying function is, in authors’ opinion,
the right representation of decaying of long-range interactions as
soon as we model the inner microstructure of the elastic founda-
tion layer in the context of fractal geometry. Remarkably, both
the fractional model of long-range interactions and the integro-dif-
ferential model revert to the well-known gradient model of elasticfoundation as particular case. Moreover, a fully equivalent point-
spring mechanical model has been introduced, reverting, at the
limit, to the proposed continuum model and that can be used as
appropriate discrete form of the integro-differential equation.
The proposed foundation model possesses, also, a convex,
quadratic form of the elastic potential energy function involving
the state variables of the problem, the ﬁrst displacement gradient
and the relative vertical displacement. Additional comments about
the existence of a quadratic form of the elastic potential energy, for
general-type of solid with long-range interactions have been
reported in Di Paola et al. (2009b).
The Green’s function of the proposed model has been obtained
analytically, allowing the use of this mechanical system for analy-
sis of structure–foundation interactions.
2. Gradient and integral model of elastic foundation
In this section, the proposed model of elastic foundation will be
introduced in Section 2.2 as the enrichment of the gradient model
elastic foundation that is presented, for the necessary preliminar-
ies, in Section 2.1.
2.1. The gradient models of elastic foundations
Elastic foundation models may be considered as elastic layer of
inﬁnite extent resting on a rigid base and composed by an inﬁnite
sequence of elastic columns of cross-section A and depth h.
We denotewðxÞ the vertical displacements and pðxÞ the external
load, both positive downwards (see Fig. 1a). Let xj ¼ ðj 1ÞDx the
abscissa of the generic column element ðj ¼ 1; . . . ;
1;0;1; . . . ;1Þ and Dx the interdistance between column
elements. Let us assume that each column of volume Vj ¼ ADx
interacts with columns Vj1 and Vjþ1 by shear forces proportional
to the ﬁrst-order gradient of vertical displacements as:
Sj ¼ lDwjDx ðbhÞ ð1Þ
where l is the shear modulus ð½l ¼ F=L2Þ, Dwj ¼ wjþ1
wj and wj ¼ wðxjÞ. Equilibrium of the foundation column Vj under
the forces described in Fig. 1b leads, at the limit for Dx ! 0, to the
following relation:
pðxÞ ¼ kwðxÞ  lhd
2w
dx2
ð2Þ
That is the classical equation ruling the displacement ﬁeld of the
foundation model (see e.g. Pasternak, 1954; Kerr, 1965; Reissner,
1958, and other references cited therein) coinciding with founda-
tion models proposed in previous papers (see e.g. Kerr, 1984).
The assumption of vanishing contact interactions ðl! 0Þ yields
pðxÞ ¼ kwðxÞ, that corresponds to the well-known Winkler model
of elastic foundation. In that case the constitutive law of Winkler
formulation is formally equivalent to the Hooke law of the local
continuum mechanics inviting to consider this elastic foundation
model as a local model since pðxÞ is the stress and, for h ¼ 1, wðxÞ
represents the strain. Conversely, the model in Eq. (2) involves also
second-order derivative of displacements as in gradient theories of
non-local elasticity (see e.g. Aifantis, 1994); henceforth we may
consider these models as gradient modelsof elastic foundations.
Despite their worldwide diffusion among the scientiﬁc commu-
nity, it is widely accepted that gradient models are better but still
not exhaustive in describing physical phenomena. In this context,
the formal equivalence between gradient models of elastic founda-
tion and the weak non-local theory of continuum mechanics may
suggest to model the elastic foundation interactions by means of
integral theory of non-local elasticity. Such an approach already
used introducing long-range cohesive interactions (Di Paola and
Fig. 1. (a) Mechanical model of the second-order gradient elastic foundation. (b) Equilibrium of the second-order gradient elastic foundation.
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section.
2.2. The integral model of elastic foundation
The interaction model represented by the shear layer reported
in the previous section will be enriched, here, with a different kind
of interaction represented by long-range forces. It will be assumed
that the foundation column interactions are provided by contact
shear forces between adjacent elements and volume forces
between all the surrounding elements of the layer. Such long-range
interactions between foundation elements will be supposed to
depend on the interacting volume columns, as well as on the rela-
tive vertical displacements. Since in every physical phenomenon
long-range forces always decay with the relative distance, we also
suppose that such a volume forces monotonically decrease with
the interdistance of non-adjacent columns (Fig. 2a).
The constitutive relation of the proposed model of foundation
interactions is obtained by vertical equilibrium of the layer ele-
ment Vj ¼ bhDx located at abscissa xj ¼ ðj 1ÞDx. In the context
of long-range interactions the foundation element is in equilibrium
under the external load pjðbDxÞ, the reaction of the local spring ele-
ment kwjðbDxÞ, the contact shear forces DSj and the resultant of
long-range forces exerted by surrounding volumes, on the left
and on the right of volume Vj. Long-range forces between volume
elements Vj and Vs will be denoted, hereinafter, as Qjs (see Fig. 2a)
and their resultant, denoted as Qj, is simply the difference between
the interacting forces from the left and from the right, denoted as
QLj and Q
R
j , respectively. It follows that Qj ¼ QLj  QRj .
As stated before we suppose that long-range interaction forces
Qjs depend on the relative displacements of the centroids of vol-
umes Vs and Vj and on a monotonically decreasing function ofthe distance denoted as gðjxj  xsjÞ. Several choices of the function
gðjxj  xsjÞ such as exponential-type, Gaussian, or power law may
be used with the restriction to be positive deﬁnite and monotoni-
cally decreasing functions of the arguments.
In this context, the long-range interactions between elements
Vs and Vj read:
Qjs ¼ cðbhÞ2ðDxÞ2gðjxj  xsjÞðwj wsÞ ð3Þ
where c is a dimensional parameter accounting for the intensity of
such actions. It follows that the resultant of the actions from vol-
ume elements from the left and from the right of volume Vj are
expressed by the sums:
QLj ¼
Xj1
s¼1
Qjs ¼ cb2h2ðDxÞ2
Xj1
h¼1
gðjxj  xsjÞðwj wsÞ ð4Þ
QRj ¼
X1
s¼jþ1
Qjs ¼ cb2h2ðDxÞ2
X1
s¼jþ1
gðjxs  xjjÞðws wjÞ ð5Þ
yielding the equilibrium equation (see Fig. 2b) in the form:
kwjðbDxÞ þ Qj  DSj ¼ kwjðbDxÞ þ ðQLj  QRj Þ  DSj ¼ pjðbDxÞ ð6Þ
Substituting Eqs. (4) and (5) into the vertical equilibrium equation
(6) and letting Dx ! 0 the constitutive equation for the proposed
foundation interactions is obtained in the form:
kwðxÞ þ cbh2
Z 1
1
ðwðxÞ wðnÞÞgðjx njÞdn lhd
2w
dx2
¼ pðxÞ ð7Þ
where the stress–strain relation between contact forces and ﬁrst-
order gradient of the displacement ﬁeld reported in Eq. (1) has been
accounted for.
Fig. 2. (a) Mechanical representation of long-range interactions between foundation columns. (b) Vertical equilibrium of the proposed model including long-range
interactions.
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that the displacement function wðxÞ 2 L1 where L1 is the class of
inﬁnitely differentiable functions. In this context the use of Taylor
series to expand the displacement functionwðnÞwith initial point x
yields Eq. (7) in the equivalent form:
kwðxÞ 
X1
j¼1
r2j
d2jwðxÞ
dx2j
 lhd
2wðxÞ
dx2
¼ pðxÞ ð8Þ
where the coefﬁcients r2j of the expansion in Eq. (8) depend of the
particular functional class of the distance-decaying function as:
r2j ¼ cbh
2
2j!
Z 1
1
ðn xÞ2jgðjx njÞdn ð9Þ
Close inspection of Eq. (8) reveals that, under the assumption of
wðxÞ 2 L1, the proposed integral model of elastic foundation reverts
to a gradient model with an inﬁnite number of terms. The require-
ment imposed to the class of displacement functions wðxÞ 2 L1 is
very restrictive since it requires that no discontinuities in the dis-
placement functions or in its gradients may occur. On the contrary,
the integral model of long-range interactions does not exclude ‘‘a
priori” the presence of jumps or kinks in the displacement ﬁeld.
In passing we remark that the second-order gradient approach pre-
sented in Section 2.1 is nothing else than an approximation of Eq.
(8) neglecting terms with j ¼ 1 and jP 2.
The constitutive relation of the foundation model reported in
Eq. (7) leads to some comment: (i) the proposed model is ruled,
at this stage, by an integro-differential equation that contains a
second-order gradient of the displacement function that will
involve a smooth displacement ﬁeld; (ii) assuming that the shear
modulus l! 0 Eq. (7) reverts to a pure integral model equivalent
to the one proposed in the peridynamic theory of elasticity (see e.g.
Silling, 2000; Silling et al., 2003); (iii) a formally equivalent
expression for l! 0 may be also found in the strain-differencenon-local theory (Polizzotto et al., 2006) since in such a theory
the stress is related to the strain (for h ¼ 1 the displacement may
be interpreted as the strain) and to a convolution integral involving
the difference between the strain at two different points; and (iv)
the integral model of elastic foundation in Eq. (7) may be reverted,
under very restrictive conditions, to gradient models of elastic
foundations that represents, in this context, an approximation of
long-range interactions truncated to some order as from Eq. (8).
Summing up, the proposed model of elastic foundation includes
gradients of the vertical displacement ﬁeld representing contact
interactions and a convolution integral term that is the contribution
of long-range forces to vertical equilibrium. The model represented
by Eq. (7) is an hybrid between pure gradient and integral models.
Both models may be recovered by letting, respectively,
c ! 0 or l! 0. The introduction of contact forces will regularize
the displacement ﬁeld wðxÞ in each point of the elastic foundation
domain independently of the load condition. The same consider-
ationdoes not hold, in general,without contact forces between adja-
cent elements since in this latter case the presence of discontinuities
in load conditionyields some jumps in thedisplacementﬁeld as pre-
dicted by the use of peridynamic theory of elasticity in the context of
solid mechanics (Silling et al., 2003). This aspect will be better clar-
iﬁed by observation of the numerical analysis reported in the paper.
3. The fractional model of elastic foundation
In this section it will be shown that, under an appropriate selec-
tion of the distance-decaying function, the integro-differential
model in Eq. (7) reverts into a fractional-type differential equation.
In a recent paper, an intermediate model between gradient and
pure integral approach has been proposed (Di Paola and Zingales,
2008) in the context of non-local mechanics. Such a model relies
in the use of power law distance-decaying function to model
long-range interactions that is:
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1
jxj  xij1þc
ð10Þ
where the parameter c 2 R ð0 6 c 6 1Þ rules the behavior of the
decaying function gðÞ, and CðÞ is the Euler–Gamma function.
The constitutive equation ruling the behavior of the proposed
elastic foundation model may be withdrawn from Eq. (7) substitut-
ing Eq. (10) for the distance decaying function yielding:
kwðxÞ þ Cc½ðDcþwÞðxÞ þ ðDcwÞðxÞ  lh
d2w
dx2
¼ pðxÞ ð11Þ
with Cc ¼ bh2c with ½Cc ¼ FLc3 and ðDcþwÞðxÞ and ðDcwÞðxÞ the left
and right Marchaud-type fractional derivatives that are deﬁned as
follows (Samko et al., 1993):
ðDcþwÞðxÞ ¼
def c
Cð1 cÞ
Z x
1
wðxÞ wðnÞ
ðx nÞð1þcÞ
dn ð12aÞ
ðDcwÞðxÞ ¼
def c
Cð1 cÞ
Z þ1
x
wðxÞ wðnÞ
ðn xÞð1þcÞ
dn ð12bÞ
Eq. (11) is the constitutive equation of the proposed elastic founda-
tion model and it relates, by means of the Marchaud fractional dif-
ferential operators, the external load at speciﬁed location to the
displacement ﬁeld of the overall foundation. The level of interac-
tions is ruled by the fractional exponent c and by the foundation
coefﬁcient Cc. Some interesting features of the fractional elastic
foundation model here proposed may be also derived casting Eq.
(11) in an equivalent form introducing the Caputo fractional deriv-
atives CD
c
wðxÞ, deﬁned, for a real valued function wðxÞ, as:
ðCDcþwÞðxÞ ¼
def 1
Cð1 cÞ
Z x
1
w0ðnÞ
ðn xÞc dn ¼ ðD
c
þwÞðxÞ ð13aÞ
ðCDcwÞðxÞ ¼
def 1
Cð1 cÞ
Z 1
x
w0ðnÞ
ðx nÞc dn ¼ ðD
c
wÞðxÞ ð13bÞ
that coincide also, under some mild conditions on function wðxÞ
(see Samko et al., 1993), with the deﬁnition of Riemann–Liouville
(RL) fractional derivatives (denoted as ðDcwÞðxÞ ¼ ðDcwÞðxÞÞ as
ðCDcwÞðxÞ ¼ ðDcwÞðxÞ.
Using the left and right fractional derivatives, respectively,
deﬁned in Eqs. (13a) and (13b), allows us to revert the fractional
differential equation in Eq. (11) in an equivalent form that is more
attractive for the subsequent analysis as:Fig. 3. Equivalent point-spring model of thkwðxÞ þ CcðCDcwÞðxÞ  lhd
2w
dx2
¼ pðxÞ ð14Þ
with ðCDcwÞðxÞ ¼ ðCDcþwÞðxÞ þ ðCDcwÞðxÞ. The observation of Eq.
(14) reveals that, with an appropriate choice of the attenuation
function in the integral formulation, the constitutive law of elastic
foundation involves Caputos’ (or RL) fractional derivatives and on
this choice we will refer to such a model as fractional modelof elastic
foundation. The Caputos’ fractional derivative is a bridge between
the gradient and the integral model. As infact by letting c ¼ j 2 N
the gradient model is restored since ðDjwÞðxÞ ¼ djw=dxj. On the
other hand, by the deﬁnition exploited in Eqs. (12a) and (12b) it
is evident that the Caputos’ fractional derivatives are neither else
that a convolution integral, then Eq. (11) may be also considered
as in integral representation.
This model may be also enriched by inserting other long-range
forces connecting non-adjacent columns with different values of
c and Cc, namely, cj and Ccj with j ¼ 1;2; . . . ;n, obtaining:
kwðxÞ þ Cc1 ðCDc1wÞðxÞ þ Cc2 ðCDc2wÞðxÞ þ    þ Ccn ðCDcnwÞðxÞ
 lhd
2w
dx2
¼ pðxÞ ð15Þ
That is a fractional differential equation with multiple terms and
that may be used to introduce additional parameters to better ﬁt
experimental data.
As a conclusion of this section some further comments may be
involved about the choice of the decaying function in the frac-
tional-type form as reported in Eq. (10). The choice of the proper
decaying is a crucial step involving the kind of decaying interac-
tions. In particular, the choice of a fractional-type power law decay
is strictly related with a fractal-type geometry of the inner micro-
structure of the elastic foundation layer. It is well known, in fact,
that for some kind of materials, a fractal or multifractal approach
may yield a proper description of the microstructure disorder
(see e.g. Carpinteri, 1994).
4. Discrete point-spring model of elastic foundation
The mechanical model of elastic foundation here proposed may
be also illustrated by means of Fig. 3 that introduces a point-spring
model. Every point (node) of the model is connected to the ground
by an elastic spring (Winkler local effect), to the adjacent nodes as
well as to non-adjacent nodes by additional linear springs with dis-
tance-decaying stiffness. The stiffness of the local springs ise integral model of elastic foundation.
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with adjacent volumes is Kc ¼ lbh=Dx. Additional non-local
springs, connecting volume Vj with all the other surrounding vol-
umes Vs, are characterized by a relative position-dependent stiff-
ness: Kjs ¼ Kjs ¼ cðDxÞ2b2h2gðjxj  xsjÞ.
The listed stiffness may be used to formulate a discrete founda-
tion model, useful for numerical purposes, associated to the elastic
continuum foundation model previously discussed. To this aim, the
equilibrium equation of the jth node of the foundation is written
as:
Klwj  KcD2wj þ
Xj1
s¼m
Kjsðwj wsÞ 
Xm
s¼jþ1
Kjsðws wjÞ
 !
¼ Pj
ðj ¼ m; . . . ;1;0;1; . . . ;mÞ ð16Þ
where D2wj ¼ wj1  2wj þwjþ1, m ¼ Le=Dx being Le a convenient
distance that does not experience displacements due to the loaded
area, while Pj ¼ pjðbDxÞ is the nodal load. It may be easily shown
that when m !1, and the interdistance of the nodal point
Dx ! 0, the integro-differential equilibrium equation reported in
Eq. (7) or Eq. (14) is fully restored enabling us to claim that the pro-
posed point-spring model is fully equivalent to the continuous
model described above.
The algebraic system of equation reported in Eq. (16) may be
formulated in matrix form as:
ðKl þ Kc þ KnlÞw ¼ Kw ¼ p ð17Þ
with wT ¼ wm    wm½ ; pT ¼ Pm    Pm½ .
ThematrixKl is a diagonalmatrixwithdiagonal element isKl,Kc is
a tridiagonal matrix accounting for the shear interactions between
adjacentcolumnelementsandKnl isa fullypopulatedmatrixaccount-
ing for non-local interactions. Matrices Kc and Knl are given as:
Kc ¼
Kc Kc 0 0    0
2Kc Kc 0    0
           
SYM 2Kc Kc
Kc
2
6666664
3
7777775
ð18Þ
and:
Knl¼
Kmm Kmmþ1 Kmmþ2   Kmm
Kmþ1;mþ1 Kmþ1;mþ2   Kmþ1;m
   
SYM Km1m1 Km1m
Kmm
2
6666664
3
7777775
ð19Þ
where the diagonal elements are given as:
Kjj ¼
Xm
h¼m
h–j
Kjh ð20Þ
Eq. (20) may be easily demonstrated by generalization starting with
few nodes and then increasing their number (see e.g. Fig. 3 with
only four nodes for clarity). The equilibrium relation in Eq. (17) is,
at the same time, a discrete model of elastic foundation interactions
and an appropriate, ﬁnite difference approximation of Eq. (7).
At this stage, we are left with three different models of elastic
foundations: the local and gradient models reported in Section
2.1 and an hybrid representation of foundation interactions repre-
sented in Eq. (7) or in Eq. (14); all these models may be approached
in the discrete form represented by Eq. (17). In particular if
Kc ¼ 0; Knl ¼ 0 then the Winkler model is fully restored. If
Kc–0; Knl ¼ 0 then the discrete counterpart of the gradient model
is restored whereas if the three matrices Kl–0; Kc–0;Knl–0 then
the discrete counterparts of the integro-differential (or the frac-tional model) is restored. Moreover, by enriching the discrete
point-spring model with other springs with other coefﬁcients
ðci; giðjxi  xjjÞÞ the discrete counterpart of the multifractal medium
described in Eq. (15) is restored.
The introduced foundation layer possesses also an elastic
potential energy functional, that is a quadratic form of the state
variables of the elastic layer that are, respectively, in term of kine-
matic variables, the vertical displacement wðxÞ, the shear strain
/ðxÞ ¼ dwðxÞ=dx and the relative displacement gðx; nÞ ¼
wðxÞ wðnÞ. The elastic potential energy associated to the pro-
posed foundation layer reads:
Uðw; c;gÞ ¼1
2
Z 1
1
kðlÞwðxÞ2 dxþ
Z 1
1
l/ðxÞ2 dx

þ1
2
Z 1
1
Z 1
1
gðx; nÞgðx; nÞ2 dndx

ð21Þ
Assuming that the external load may be provided as derivative of a
proper potential, the governing equations of the foundation layer
may be obtained introducing the ﬁrst variation of the total potential
energy of the elastic foundation Pðw; c;gÞ ¼ Uðw; c;gÞ PlðwÞ
where PlðwÞ is the potential of the external loads. Some further
details about the derivation of the elastic potential energy here
reported may be found in Di Paola et al. (2009b). In passing we
observe that similar comments about the elastic potential energy of
the proposed model may be withdrawn from the above described
point-spring system introducing the elastic energy as 1=2wTKw.
More reﬁned models of discrete version may be found by the
ﬁnite element method for Eq. (7) or Eq. (11).
5. The Green’s functions of elastic foundation model
In this section the Green’s functions for the various models of
elastic foundations reported in the paper will be formulated to
highlight the difference and capabilities of various models. The
need for such Greens’ function of the proposed model of elastic
foundation is justiﬁed by the consideration that in such a case
the response to any kind of load may be obtained by superposition
principle. In such a way the displacement function to general-type
load conditions may be evaluated, at least numerically, by a one
dimensional integral instead of solving an integro-differential
equation as reported in Eqs. (7) and (11). It will be shown that in
some cases exact solutions for the Green’s functions may be
obtained in analytical format and then in such cases they may be
used to ﬁnd benchmark solutions useful to compare approximate
solutions with the exact ones.
5.1. The Green’s function for the integral model
The characteristic behavior of the integral models is provided
by the evaluation of the displacement ﬁeld wðxÞ induced by a con-
centrated load acting at location 1, that is the appropriate Green’s
function.
Let us assume that the decaying function describing the long-
range interactions is represented by the exponential law:
gðjx njÞ ¼ exp½jx nj=l ð22Þ
with lP 0 gives rise to the length of interactions between non-adja-
cent volumes and then it plays the role of the internal scale of the
material foundation. Substitution of the decaying function into
the governing equation yields the integral equation:
kwðxÞþCl
Z 1
1
ðwðxÞ wðnÞÞ exp  jx nj
l
 
dn
 
 lhd
2wðxÞ
dx2
¼ pðxÞ ð23Þ
3130 M. Di Paola et al. / International Journal of Solids and Structures 46 (2009) 3124–3137where Cl ¼ ctbh2. Eq. (23) may be converted into the equation:
kwðxÞ 1þ 2Cll
k
 
 Cl
Z 1
1
wðnÞ exp  jx nj
l
 
dn
 lhd
2wðxÞ
dx2
¼ pðxÞ ð24Þ
that is a second-order integro-differential equation of second kind
in the unbounded domain x 2 1;1.
The Green’s function Gwðx; 1Þ of the non-local model is provided
by the evaluation of the displacement ﬁeld wðxÞ induced by a uni-
tary concentrated load acting at location 1 that is pðxÞ ¼ dðx 1Þ,
being dðÞ the Dirac’s delta function.
As one can easily state from Eq. (24) as soon as the internal scale
parameter approaches to zero (or the parameter Cl approaches to a
zero value) the gradient model is obtained as a particular case, and
its Green’s function, solving the relative differential equation, can
be easily obtained as:
Gwðx; 1Þ ¼ b2a expðaðx 1ÞÞh1 xi
0 þ expðaðx 1ÞÞhx 1i0
h i
ð25Þ
with a2 ¼ k=ðl hÞ; b ¼ 1=ðl hÞ and hi0 is the unit step function. The
observation of Eq. (25) shows that in the constitutive equation the
Green’s function for the gradient model does not correspond to inﬁ-
nite values at any location and that only a kink due to the Heaviside
functions may be detected at the concentrated load. This observa-
tion may be withdrawn also from the observation of Fig. 4a con-
trasting the Green’s function for different values of the selected
parameters.
In general the presence of the integral term in Eq. (24), associ-
ated to the presence of long-range actions, slightly complicate
the ﬁnding of the Green’s function.
Eq. (24) may be solved Fourier transforming both side of the
equation. Deﬁning the Fourier transform as:
I½wðxÞ ¼ WðjÞ ¼
Z 1
1
wðxÞ expðijxÞdx ð26aÞ
wðxÞ ¼ I1½WðjÞ ¼ 1
2p
Z 1
1
WðjÞ expðijxÞdj ð26bÞ
with i ¼
ﬃﬃﬃﬃﬃﬃﬃ
1
p
the imaginary unity and j the wave-number, Eq. (24)
yields the following algebraic equation in the unknown vertical
displacement:
WðjÞðkþ 2Cll ClGðjÞ þ lhj2Þ ¼ exp½ij1k ð27Þ
where function GðjÞ ¼ IðgðxÞÞ ¼ 2l=ð1þ l2j2Þ.
In the wave-number domain, Eq. (27) leads to the expression of
the Green’s function as:
WðjÞ ¼ exp½ij1ðkþ 2Cll ClGðjÞ þ lhj2Þ ð28Þ
Inverse Fourier transform of Eq. (28) may be evaluated in closed-
form only in the case l! 0 yielding the Green’s function for the
model in absence of shear forces between foundation columns as:
Gwðx; 1Þ ¼
Cl exp

ﬃﬃ
k
p
jx1j
l
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kþ2Cllð Þ
p
 
ﬃﬃﬃ
k
p
ðkþ 2CllÞ3=2
þ dðx 1Þ
kþ 2Cll
0
BB@
1
CCA ð29Þ
If l ! 0 then Gwðx; 1ÞðxÞ ¼ 1k dðx 1Þ, which is the result for the Win-
kler model. A critical comparison of Eq. (29) with the Green’s func-
tion of the gradient model in Eq. (25) reveals that in the proposed
integral model a delta function appears that is not involved in thegradient models. The presence of the Dirac delta function is due
to the absence of the contact shear stress between foundation col-
umns and it may be avoided including those stress in equilibrium
equation as it will be shown in numerical application. As a result,
a local concentrated inﬁnite value of the displacement is involved
under the concentrated load. No analytical expressions of the
Green’s function have been found for l–0 or for Gaussian-type dis-
tance-decaying function. Green’s functions for the assumed model
of long-range interactions, with different values of the internal scale
of the material have been reported in Fig. 4b.
5.2. The Green’s function for the fractional model
Following the same procedure above described in Section 5.1
we may now derive the Greens’ function for Eq. (14) that corre-
spond to solve the fractional differential equation:
kwðxÞ þ CcðCDcwÞðxÞ  lhd
2w
dx2
¼ dðx 1Þ ð30Þ
Fractional differential equation in Eq. (30) may be solved intro-
ducing Fourier transform of both sides of Eq. (30) that reads,
for a real-valued function wðxÞ that satisﬁes the Dirichlet
condition:
kI½wðxÞ þ CcðI½ðCDþwÞðxÞ þ ðCDwÞðxÞÞ  lhI d
2wðxÞ
dx2
" #
¼ exp½ij1 ð31Þ
Eq. (31) may be further simpliﬁed accounting for the relation of the
integral transforms of fractional derivatives:
I CD
c
þw
 ðxÞ	 
 ¼ ðijÞcI½wðxÞ ¼ ðijÞcWðjÞ ðaÞ
I CD
c
w
 ðxÞ	 
 ¼ ðijÞcI½wðxÞ ¼ ðijÞcWðjÞ ðbÞ ð32Þ
Introducing Eq. (32) into Eq. (31) the Fourier transform of the ver-
tical displacement ﬁeld for the proposed fractional model of elastic
foundation reads:
WðjÞ ¼ exp½ij1
kþ CcððijÞc þ ðijÞcÞ þ lhj2
ð33Þ
thatmay be recast, after some algebra, in amore convenient form as:
WðjÞ ¼ exp½ij1
1þ 2Cc cosðpc=2Þjjjc þ lhj2
ð34Þ
Inverse Fourier transform of Eq. (34) provides the Green’s function
of the proposed elastic foundation model. Analytical expression is
obtained in absence of contact forces ðl! 0Þ, and for c 2 Q that
reads:
Gwðx;1Þ¼I1½WðjÞ¼ 1ð2pÞ2c1 ﬃﬃﬃﬃﬃﬃ2pp Gp;qm;n
a1;...;ap
b1;...;bq
C
2c1
c ðx1Þ2
2
 !
ð35Þ
where Gp;qm;nðÞ is the Mejier-G function with parameters m ¼ n ¼
0 and a1 ¼  12 ð1 cÞ ¼ b1; a2 ¼a1 þ c=2 ¼ b2; a3 ¼a2 þ c=2; . . . ;ap ¼
1
2 ð1 cÞ ¼ bp deﬁned as (Meijer, 1941):
Gp;qm;n
a1; . . . ;ap
b1; . . . ;bq
x
 
¼ 1
2pi
Z
‘
Qm
j¼1Cðbjþ sÞ
Qn
k¼1Cð1aj sÞQq
j¼mþ1Cð1bj sÞ
Qp
k¼mþ1Cðakþ sÞ
xs ds
ð36Þ
with ‘ an opportune integration line in the complex plane encircling
the simple poles of the Euler–Gamma functions. More details on the
Mejier-G functions may be found in specialized literature (Mathai
and Saxena, 1978; Marichev, 1983; Magnus and Oberhettinger,
1966; Fox, 1961).
The Greens’ function obtained in Eq. (35) has been reported in
Fig. 4c varying the differentiation order c. It may be observed that
in case of fractional power law the Green’s function of the
Fig. 4. (a) Green’s function of the second order gradient model varying a (1/cm) assuming the parameter b ¼ 1. (b) Green’s function of the integral model with exponential
distance-decay interactions varying the parameter l (cm), assuming Cl ¼ 1 kg=cm4. (c) Green’s function of the fractional model varying the parameter c, assuming
Cc ¼ 2 kg cmc3.
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the case of an exponential-type distance decaying function. In
more details, it may be observed that in presence of the hyper-
singular kernel in Eq. (14) the Green’s function tends to inﬁnite
for x ! 1 with ﬁnite fractional order, whereas in case of exponen-
tial-type kernel as x ! 1;Gwðx; 1Þ ! dðx 1Þ.6. Numerical applications
In this section, some numerical analyses relative to the pro-
posed foundation model have been reported to show the load
effects that can be captured by the integral and fractional model
here proposed. The proposed numerical application reported in
Fig. 5. (a) Vertical displacements of the integral model with exponential distance-decay under uniformly distributed load q ¼ 0:1 kg=cm2 in the interval ½L; L, with
L ¼ 10 cm setting k ¼ 1:5 kg=cm3; Cl ¼ 1 kg=cm4; l ¼ 1 cm; h ¼ 1 cm and b ¼ 1. (b) Details of the jump around x ¼ 10 cm for the integral model with exponential distance-
decay. setting k ¼ 1:5 kg=cm3; Cl ¼ 1 kg=cm4; l ¼ 1 cm; h ¼ 1 cm and b ¼ 1.
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dation shear layer, without any foundation structure between the
load and the elastic layer. This case has been reported since it
may be used in an experimental set ups of foundation material that
undergoes strongly non-local effects such as the fuel binders of
rocket motors that are, very often, constituted by rubber-like poly-
meric foams.
The elastic foundation analysis has been conducted for
uniformly distributed load in the interval ½L; L of the real axis.
In Fig. 5a, the case of exponential-type distance-decaying function
has been considered for different values of the shear modulus l
highlighting its inﬂuence on the vertical displacement ﬁeld. It
can be shown that, assuming non-vanishing values of the coefﬁ-
cient l the displacement ﬁeld induced by the discontinuous exter-
nal load does not involve discontinuities (jumps) at the border of
the loaded area. On the contrary, assuming l! 0 the displacementfunction exhibits jumps in correspondence of the borders of the
applied pressure as shown by the continuous line in Fig. 5a. This
evidence must be traced back to the absence of contact bonds
between adjacent elements or foundations columns as it has been
shown by several other numerical analyses with continuous-type
of external load function that does not exhibit any jump. It may
be also observed that the proposed model is stiffer than the Win-
kler and second-order gradient model because new interactions
between elements have been introduced in the integral model.
The same features may be observed in more detail in Fig. 5b
that reports a detail of the jump for smaller and smaller values
of the shear modulus showing the particular shape of the disconti-
nuities along the border of the model.
A different case of long-range interactions has been presented
in Fig. 6a that reports the vertical displacement ﬁeld in case of frac-
tional power-low distance-decaying function. Also for this case, the
Fig. 6. (a) Vertical displacements of the fractional model of the elastic foundation under uniformly distributed load q ¼ 0:1 kg=cm2 in the interval ½L; L, with L ¼ 10 cm
setting k ¼ 1:5 kg=cm3; Cc ¼ 2 kg cmc3; c ¼ 1=2; h ¼ 1 cm and b ¼ 1. (b) Details of the jump around x ¼ 10 cm for fractional model of the elastic foundation setting
k ¼ 1:5 kg=cm3; Cc ¼ 2 kg cmc3; c ¼ 1=2; h ¼ 1 cm and b ¼ 1.
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of the shear modulus, does not produce any jump. Anyway also
in case of l! 0 no jumps appear in the vertical displacement ﬁeld
but a vertical slope is evidenced at the corners of the external load.
This corresponds to an inﬁnite value of the long-range force
between adjacent elements of the foundation columns and is ‘‘de
facto” a rigid link in the vertical direction between such elements.
A detail of this behavior close to corners of the applied load is
observed in Fig. 6b that reports the trend of the displacement func-
tion for l! 0.
The effects of the parameter of the mechanical model of long-
range interactions are highlighted in Fig. 7a and b describing the
vertical displacement ﬁeld contrasted with the Winkler and the
second-order gradient model of interaction. In more detail Fig. 7a
reports the vertical displacement ﬁeld for different values of the
scale of internal length proving that values of l ! 0 correspondto the second-order gradient model of interactions but as soon as
the internal length increases the effects of long-range interactions
are more evident since more connections are signiﬁcant to the ver-
tical equilibrium. The consequence of such effect is that the dis-
placement function attains smaller values in the loaded area but
lower decaying rate of the displacement function may be observed
in the unloaded zone.
A different scenario is evidenced by the observation of Fig. 7b
that reports the vertical displacement function for different values
c of the fractional differentiation operator. It may be observed that
as soon as c! 1 the proposed model reverts to the second-order
gradient model of elastic foundation. This is well-explained by
the consideration that the additional connections representing
long range forces vanish since the Euler-gamma function a the
denominator of Eqs. (13a) and (13b) attains its pole. Consequently,
the additional springs related to long-range connections have
Fig. 7. (a) Displacements of the integral model with exponential distance-decay under uniformly distributed load q ¼ 0:1 kg=cm2 in the interval ½L; L, with L ¼ 10 cm setting
k ¼ 1:5 kg=cm3; Cc ¼ 2 kgcmc3; l ¼ 10 kg=cm2; h ¼ 1 cm and b ¼ 1. (b) Displacements of the integral model with fractional distance-decay under uniformly distributed
load q ¼ 0:1kg=cm2 in the interval ½L; L, with L ¼ 10 cm setting k ¼ 1:5 kg=cm3; Cl ¼ 1 kg=cm4; l ¼ 10 kg=cm2; h ¼ 1 cm and b ¼ 1.
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equilibrium of the foundation columns. On the other hand, the
fractional model with other values of the fractional differentiation
operator 0 6 c < 1 is always stiffer than other gradient models and
the decrease of the fractional differentiation order c has the same
effects obtained increasing the internal length l of the exponen-
tial-type decaying function. The smaller is the value of c the larger
are the interactions between foundation columns so that the dis-
placement ﬁeld is smaller in the loaded area and larger outside
the load function. The limiting case of c! 0 will correspond to
the same shape of interaction of the gradient model but with a ﬁc-
titious local stiffness of the Winkler columns that is kþ 2Cc.
Similar considerations may be discussed for different values of
the intensity factors Cl and Cc of the exponential and the fractional
models, respectively, and they have not been reported for sake
of brevity.
The displacement ﬁeld of the proposed elastic foundation has
been reported in Fig. 8 for the point-spring model of verticalinteractions introduced in Section 4. It may be observed from
Fig. 8 that the discrete elastic model of elastic foundation tends
to the vertical displacement ﬁeld of the proposed theory as soon
as larger distance from the loaded zone is included in the mod-
el. The extent of such a distance depends on the mechanical
parameters used to represent interactions between foundation
columns.
7. Conclusions
In this study an alternative model of linear elastic foundation
has been proposed by using the concept of long-range interac-
tions, recently introduced in the context of non-local continuum
mechanics. The model has been suggested from the consideration
that all the well-established models of elastic foundation used for
structure–foundation interactions are based on constitutive equa-
tion involving the displacement and its gradient. These constitu-
tive relations account for interactions of the adjacent foundation
Fig. 8. Displacement function of the point-spring model under concentrated load for different distances from the load Le , with exponential distance-decay for
l ¼ 5 kg=cm2; Cl ¼ 1 kg=cm4; k ¼ 1:5 kg=cm3; l ¼ 0:5cm; h ¼ 1 cm; b ¼ 1 and assuming Dx ¼ 0:05 cm and Pj ¼ 1=ðDxbÞ.
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ent model of elastic foundations in the paper. The need to use
gradient model is to introduce, artiﬁcially, some additional
parameters depending on the foundation model useful to ﬁt
experimental data to describe the interactions in the elastic
foundation.
In this study, it has been proposed to represent the interac-
tions between foundation elements by means of body forces
depending on the volume product of the foundation elements,
on the relative vertical displacement and proportional to a dis-
tance-decaying function that rules the strength of the long-range
interactions. The proposed approach leads to an integro-differen-
tial constitutive equation. Moreover it has been shown that
introducing some additional assumptions on the class of the
displacement ﬁeld the integral approach reverts to a gradient
model of inﬁnite order. In this framework all the ﬁnite-order
gradient models of elastic foundations may be considered as
different order approximations of the proposed integral model
including long-range effects.
Despite several different choices for the distance-decaying func-
tion may be introduced in the model, in the authors’ opinion the
best choice for the long-range interaction function is a monotoni-
cally decreasing function with fractional power-law since such a
model is a bridge between pure gradient and integral models.
Moreover, moving away from Euclidean geometry, real objects in
presence on inner microstructure are well described, more and
more efﬁciently by means of fractal, non-integer dimensions.
Henceforth as we rescale fractal object to the continuum, integer
scale, all the governing equations must be rescaled too as power
laws with exponent depending on the fractal dimension of the
considered object. In such a way the Marchaud fractional deriva-
tive naturally appears as a result of renormalization. Such a consid-
eration leads to a fractional differential equation as constitutive
relation of the elastic foundation and all the rules of fractional
calculus hold true yielding as particular case the gradient models
of elastic foundations.
The numerical treatment of the proposed elastic foundation
model has been also considered introducing a point-spring model
treating the long-range interactions as additional springs with
opportune distance-decaying stiffness.
Several numerical applications have been reported in the paper
to show the inﬂuence of elastic foundation parameters on the
displacement ﬁeld contrasted with the local and second-order gra-
dient model of elastic foundations.Acknowledgments
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Appendix A. Details about fractional calculus
In this appendix we give some details on fractional calculus and
we consider functions deﬁned in a ﬁnite interval. Given a Lebesgue
measurable function wðxÞ on the closed interval ½a; b, brieﬂy
wðxÞ 2 Leb1ð½a; bÞ it is possible to deﬁne the left–handed RL frac-
tional derivative, ðDcaþwÞðxÞ with c 2 R, given by:
ðDcaþwÞðxÞ ¼
def 1
Cð1 cÞ
d
dx
Z x
a
wðnÞdn
ðx nÞc ; 0 < c < 1 ðA:1Þ
and the right–handed RL fractional derivative, ðDcbwÞðxÞ in the form:
ðDcbwÞðxÞ ¼
ð1Þ
Cð1 cÞ
d
dx
Z b
x
wðnÞdt
ðn xÞc ; 0 < c < 1 ðA:2Þ
Useful representations of Eqs. (A.1) and (A.2) are:
ðDcaþwÞðxÞ ¼
1
Cð1 cÞ
wðaÞ
ðx aÞc þ
Z x
a
w0ðnÞdn
ðx nÞc
 
; 0 < c < 1 ðA:3Þ
ðDcbwÞðxÞ ¼
1
Cð1 cÞ
wðbÞ
ðb xÞc 
Z b
x
w0ðnÞdn
ðn xÞc
" #
; 0 < c < 1 ðA:4Þ
as reported in the book by Samko et al. (1993). In order to extend
the deﬁnition of fractional derivative of order greater than 1, ﬁrst,
we recall a standard notation, indicating with [c] the integer part
of a real number and with {c} the fractional part, that is
c ¼ ½c þ fcg. Then, for every positive real number c the Riemann–
Liouville fractional derivatives are deﬁned as:
ðDcaþwÞðxÞ ¼
1
Cðn cÞ
dn
dxn
Z x
a
wðnÞdt
ðx nÞcnþ1
; n ¼ ½c þ 1 ðA:5Þ
ðDcbwÞðxÞ ¼
ð1Þn
Cðn cÞ
dn
dxn
Z b
x
wðnÞdn
ðn xÞcnþ1
; n ¼ ½c þ 1 ðA:6Þ
Comparing the deﬁnitions, it follows that the fractional derivatives
and fractional integrals are related by the simple relations:
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dn
dxn
ðIncaþ wÞðxÞ; n ¼ ½c þ 1 ðA:7Þ
ðDcbwÞðxÞ ¼ ð1Þn
dn
dxn
ðIncb wÞðxÞ; n ¼ ½c þ 1 ðA:8Þ
The presence of the derivatives of order n in the fractional deriva-
tives deﬁnitions involves more strict conditions to the existence
of the fractional derivative. A sufﬁcient condition is the function
having continuous derivatives up to the order ½a  1.
In presence of unbounded domain the RL fractional derivatives
reads:
ðDcwÞðxÞ ¼
1
Cð1 cÞ
d
dx
Z 1
0
wðx nÞdn
nc
ðA:9Þ
for 0 < c < 1 or, for c > 0, it is expressed as:
ðDcwÞðxÞ ¼
ð1Þn
Cðn cÞ
dn
dxn
Z 1
0
nnc1wðx nÞdn;
n ¼ ½c þ 1 ðA:10Þ
On the real axis, Eq. (A.9) can be written in more convenient
form, working out a little on deﬁnition. In fact suppose ﬁrstly
that the function wðxÞ is continuously differentiable and with
its ﬁrst derivative w0ðxÞ, vanishes at inﬁnity as jxjc1e; e > 0,
and consider 0 < c < 1. Under these assumptions the chain of
equalities:
ðDcwÞðxÞ ¼
1
Cð1 cÞ
d
dx
Z 1
0
wðx nÞdn
nc
¼ 1
Cð1 cÞ
Z 1
0
w0ðx nÞdn
nc
¼ c
Cð1 cÞ
Z 1
0
w0ðx nÞdn
Z 1
t
dn
n1þc
¼ c
Cð1 cÞ
Z 1
0
wðxÞ wðx nÞdn
n1þc
¼defðDcwÞðxÞ ðA:11Þ
holds true. The operators ðDcþwÞðxÞ and ðDcwÞðxÞ in Eq. (A.11) are
the Marchaud fractional derivatives for an unbounded domain. The
advantage of this deﬁnition is that the integral converges under
more general assumptions for the function, not requiring a good
behavior at inﬁnity, i.e., a function growing at inﬁnity as jxjce, with
e > 0 has a Marchaud fractional derivative. Therefore, the RL deriv-
ative and the Marchaud derivative coincide only for a class of func-
tions. Conditions on the equivalence are reported in (Samko, pp.
224–229). The Marchaud fractional derivatives in a ﬁnite interval
is obtained from Eq. (A.11) by continuing the function f ðxÞ by zero
beyond the interval ½a; b, that is:
wðxÞ ¼ wðxÞ x 2 ½a; b
0 x R ½a; b

ðA:12Þ
obtaining the useful relations:
ðDcaþwÞðxÞ ¼
defðD^caþwÞðxÞ þ
wðxÞ
Cð1 cÞðx aÞc ; x 2 ½a; b ðA:13Þ
ðDcbwÞðxÞ ¼
defðD^cbwÞðxÞ þ
wðxÞ
Cð1 cÞðb xÞc ; x 2 ½a; b ðA:14Þ
where ðD^caþwÞðxÞ and ðD^cbwÞðxÞ represents the deﬁned integrals:
ðD^caþwÞðxÞ ¼
c
Cð1 cÞ
Z x
a
wðxÞ wðnÞ
ðx nÞð1þcÞ
dn ðA:15Þ
ðD^cbwÞðxÞ ¼
c
Cð1 cÞ
Z b
x
wðxÞ wðnÞ
ðn xÞð1þcÞ
dn ðA:16Þ
Equivalence between Riemann–Liouville fractional derivative and
Marchaud fractional derivatives in presence of bounded intervalsmay be proved by integrating Eqs. (A.3) and (A.4) by parts obtain-
ing, respectively:
ðDcaþwÞðxÞ¼
1
Cð1cÞ
wðaÞ
ðxaÞcþ
Z x
a
ðxnÞcd½wðnÞwðxÞ
 
¼ 1
Cð1cÞ
wðxÞ
ðxaÞcþ limn!x
wðnÞwðxÞ
ðxnÞc þc
Z x
a
wðxÞwðnÞ
ðxnÞðcþ1Þ
dn
" #
¼ ¼def 1
Cð1cÞ
wðxÞ
ðxaÞcþc
Z x
a
wðxÞwðnÞ
ðxnÞðcþ1Þ
dn
" #
¼ Dcaþw
 ðxÞ ðA:17Þ
ðDcbþwÞðxÞ¼
1
Cð1cÞ
wðbÞ
ðbxÞcþ
Z b
x
ðxnÞcd½wðnÞwðxÞ
" #
¼ 1
Cð1cÞ
wðxÞ
ðbxÞcþ limn!x
wðnÞwðxÞ
ðxnÞc þc
Z b
x
wðxÞwðnÞ
ðnxÞðcþ1Þ
dn
" #
¼ ¼def 1
Cð1cÞ
wðxÞ
ðbxÞcþc
Z x
a
wðxÞwðnÞ
ðnxÞðcþ1Þ
dn
" #
¼ðDcbþwÞðxÞ ðA:18ÞReferences
Aifantis, E.C., 1994. Gradient effects at macro, micro and nano scales. Journal of the
Mechanical Behavior of Materials 5, 355–375.
Ashley, H., Zartarian, C., 1956. Piston theory – a new aerodynamic tool for the
aeroelastician. Journal of the Aeronautical Sciences 23, 1109–1118.
Carpinteri, A., 1994. Scaling laws and renormalization groups for strength and
toughness of disordered materials. International Journal of Solids and
Structures 31, 291–302.
Carpinteri, A., Chiaia, B., Cornetti, P., 2001. Static-kinematic duality and the principle
of virtual work in the mechanics of fractal media. Computer Methods in Applied
Mechanics and Engineering 191, 3–19.
Di Paola, M., Zingales, M., 2008. Long-range cohesive interactions of non-local
continuum faced by fractional calculus. International Journal of Solids and
Structures 45, 5642–5659.
Di Paola, M., Failla, G., Zingales, M., 2009a. Physically Based Approach to the
Mechanics of Strong Non-Local Linear Elasticity Theory. Journal of Elasticity, (in
press).
Di Paola, M., Pirrotta, A., Zingales, M., 2009b. A Physically Based Approach to the
Mechanics of Non-Local Continuum: Variational Approach. International
Journal of Solids and Structures, 45, 5642–5659.
Filonenko-Borodich, M.M., 1940. Some approximate theories of elastic foundations
(in Russian) Uchenie Zapieki Moskovskoga Gosudarstvennogo Universiteta.
Mekkanica 46, 3–15.
Fox, C., 1961. The G and H functions as symmetrical Fourier kernels. Transactions of
the American Mathematical Society 98, 395–429.
Gorbunov-Pasadov, M.I., 1949. Beams and Plates on Elastic Base. Stroizdat, Moscow,
Russia (former USSR) (in Russian).
Kerr, A.D., 1964. Elastic and viscoelastic foundation models. Journal of Applied
Mechanics 31, 491–498.
Kerr, A.D., 1965. A study of a new foundation model. Acta Mechanica 1, 135–147.
Kerr, A.D., 1984. On the formal development of elastic foundation models.
Ingenieur-Archiv 54, 455–464.
Kerr, A.D., Cofﬁn, D.W., 1991. Beams on a two-dimensional Pasternak base
subjected to loads that cause lift-off. International Journal of Solids and
Structures 28, 413–422.
Kneifati, M.C., 1986. Analysis of plates on a Kerr foundation model. Journal of
Engineering Mechanics (ASCE) 111, 1325–1342.
Lin, L., Adams, G.G., 1987. Beam on tensionless elastic foundation. Journal of
Engineering Mechanics (ASCE) 113, 542–553.
Magnus, W., Oberhettinger, F., 1966. Formulas and Theorems for the Special
Functions of Mathematical Physics. Springer-Verlag, Berlin.
Marichev, O.I., 1983. Handbook of integral transform of higher transcendental
functions: Theory and algorithmic tables. SomersetEllis Horwood Limited.
Mathai, A.M., Saxena, R.K., 1978. The H-Function with Applications in Statistics and
Other Disciplines. Wiley Eastern Limited, New Delhi, India.
Meijer, C.S., 1941. Multiplikationstheoreme für di Funktion. Proc. Nederl. Akad.
Wetensch. 44, 1062–1070 (in German).
Miller, K.S., Ross, B., 1993. An Introduction to the Fractional Calculus and Fractional
Differential Equations. Wiley, New York.
Omurtag, M.H., Kadiog˘lu, F., 1998. Free vibration analysis of orthotropic plates
resting on Pasternak foundation by mixed ﬁnite element formulation.
Computer and Structures 67, 253–265.
Pasternak P.L., 1954. On a new Method of Analysis of an Elastic Foundation by
Means of Two Foundation Constants (in Russian), Gosuderevstvennae
Izdatlesva Literaturi po Stroitelstvu i Arkihitekture, Moscow, USSR.
M. Di Paola et al. / International Journal of Solids and Structures 46 (2009) 3124–3137 3137Polizzotto, C., Fuschi, P., Pisano, A.A., 2006. A nonhomogeneous nonlocal elasticity
theory. European Journal of Mechanics A 25, 308–333.
Reissner, E., 1958. A note on deﬂection of plates on a viscoelastic foundation. Journal
of Applied Mechanics (ASME) 80, 144–145.
Samko, S.G., Kilbas, A.A., Marichev, O.I., 1993. Fractional Integral and Derivatives.
Gordon & Breach Science Publisher, Amsterdam.
Silling, S.A., 2000. Reformulation of elasticity theory for discontinuities and long-
range forces. Journal of Mechanics and Physics of Solids 48, 175–209.Silling, S.A., Zimmermann, M., Abeyaratne, R., 2003. Deformation of a peridynamic
bar. Journal of Elasticity 73, 173–190.
Sironic, L., Murray, N.W., Grzebieta, R.H., 1999. Buckling of wide struts/plates
resting on isotropic foundation. Thin-Walled Structures 35, 153–166.
Vlassov, V.Z., Leontev, N.N., 1960. Beams Plates and Shells on an Elastic Foundation.
Fiomatgiz, Moscow, Russia (former USSR) (in Russian).
Winkler, E., 1867. Die Lehre von der Elasticität und Festigkeit. Dominicus, Prague.
